Abstract. In this paper, we study the fundamental group of a certain class of globally hyperbolic Lorentzian manifolds with a positive curvature tensor. We prove that the fundamental group of lightlike geodesically complete parametrized Lorentzian products is finite under the conditions of a positive curvature tensor and the fiber compact.
Introduction
Calabi and Markus [4] stated the following theorem on the fundamental group of Lorentzian space forms with positive curvature: Wolf [13] and Kulkarni [10] generalized Theorem 1.1 for pseudo-Riemannian space forms, and Kobayashi [6, 7] studied the extension of Theorem 1.1 to reductive and solvable homogeneous spaces.
Note that Lorentzian space forms that have positive curvature are non-compact, whereas Riemannian space forms with positive curvature are compact. Theorem 1.1, however, indicates that there may be an analogy between the fundamental groups of Riemannian and Lorentzian manifolds satisfying similar geometric assumptions. In fact, Kobayashi asks whether the finiteness of the fundamental group still holds if we perturb the metric of positive constant curvature. In [8] , Kobayashi proposed the following conjecture in specific terms: [9] proved that the one-sided bound of the sectional curvature implies that the sectional curvature is constant. The positive constant curvature case was proved by Calabi-Markus [4] and Wolf [13] , and the proof of Conjecture 1.1 is complete.
Unexpectedly, we have solved Conjecture 1.1 as a result of its curvature condition. In this paper, we reformulate Conjecture 1.1 for the Lorentzian case to cover some Lorentzian manifolds of variable curvature. Instead of the one-sided bound on the sectional curvature, Andersson and Howard [1] proposed the following curvature condition: there exists a constant k such that We now give a partial solution to Conjecture 1.2. Let F be a manifold, and {g t } t∈R be a smooth family of Riemannian metrics on F . We call the Lorentzian manifold (R × F, −dt 2 + g t ) a parametrized Lorentzian product, where t is the parameter of R. We call F the fiber. Note that a parametrized Lorentzian product with the fiber compact is globally hyperbolic. We obtain the following theorem: A parametrized Lorentzian product includes a kind of timelike geodesic completeness, since R × {p} is a complete timelike geodesic for any p ∈ F . This is considered to be the reason our theorem assumes only lightlike completeness.
A necessary condition for the finiteness of the fundamental group
In this section, we consider a general setting for Theorem 1.2. We prove the following proposition: 
for any u, v ∈ T F . Take any 2-dimensional subspace Π in T F . Let (u, v) be an orthonormal basis of Π. We have
where S is the shape operator of F . The left-hand side of the inequalities is k. The requirement of the shape operator implies that |g(S(u), u)g(S(v), v)| k. Therefore, the sectional curvature of F is non-negative.
Next, we investigate the topology of F . First, recall the following structure theorem for the fundamental group of a closed Riemannian manifold of non-negative curvature: 
of finite index that acts properly discontinuously and cocompactly as a deck transformation on the Euclidean factor.
Let g F be the induced metric of F . We know that (F, g F ) is a closed Riemannian manifold of non-negative curvature. From Theorem 2.1, it follows that the universal covering Riemannian manifold ( F , g F ) of (F, g F ) is the Riemannian product manifold of the Euclidean space and some closed Riemannian manifold N . Therefore, we show that the dimension of the Euclidean factor is zero. Suppose, by way of contradiction, that this dimension is not zero. Then, the fundamental group π 1 (F ) has a free abelian normal subgroup Z p of finite index for some p > 0. Let (F , g F ) be the quotient Riemannian manifold F /Z p−1 = R× N , where N denotes R p−1 /Z p−1 × N . Then, we have the Riemannian covering map π : (F , g F ) → (F, g F ). Note that g F is represented as the Riemannian metric ds 2 + g N , where s is the parameter of R and g N is the Riemannian metric of N .
We 
Let φ be the gradient flow φ : R × F → M of the time function τ in the above theorem, and note that φ is a diffeomorphism such that φ({0} × F ) = F . We use the same letter g for the Lorentzian metric of R × F induced from M . Then, the restricted metric g| {0}×F is g F . Note that the covering map π : F → F extends naturally to the covering map id × π :
Let P be a submanifold of codimension 2 in M . Then, there exist two linearly independent future directed lightlike vector fields l + , l − perpendicular to P . P is called a trapped surface if div P (l + ) > 0 and div P (l − ) > 0. Let us recall the Penrose singularity theorem: Theorem 2.3 (Penrose [11] ). Let M be a globally hyperbolic Lorentzian manifold of dimension m 3 with a non-compact Cauchy hypersurface. Assume that M satisfies the following two conditions:
• Ric(u, u) 0 for any future directed lightlike tangent vector u;
• P is a compact trapped surface.
Then, M is not lightlike geodesically complete.
Note that the curvature condition of Proposition 2.1 implies Ric(u, u) 0 for any lightlike tangent vector u. Let N 0 be the submanifold {0} × {0} × N of M = (R × R × N , g M ). We write l + and l − for the normal lightlike tangent factors n + ∂/∂s and n − ∂/∂s, respectively, where n is the unit normal vector of the Cauchy hypersurface {0} × R × N , and s is the parameter of the real line R of {0} × R × N. Take an orthonormal basis {e i } m−1 i=1 of the tangent space of N 0 . Since N 0 is a totally geodesic submanifold in {0} × R × N , we have
We should remark that g(R ⊤ (u, ∂/∂s)∂/∂s, u) = 0 for any unit tangent vector u of N 0 . Therefore, using inequality (1), we have g(S(∂/∂s), ∂/∂s)g(S(u), u) = k. Without loss of generality, we can assume that g(S(∂/∂s), ∂/∂s) = √ k. Then, we obtain
Thus, N 0 is a trapped submanifold. From the Penrose singularity theorem, M is not lightlike geodesically complete. This is a contradiction, and Proposition 2.1 has been proved.
Proof of Theorem 1.2
In this section, we prove Theorem 1.2. During the proof, M is a parametrized Lorentzian manifold (R × F, g = −dt 2 + g t ). For any p ∈ F , we define the curve γ p : R → M by γ p (t) = (t, p). It is easy to check that γ p is a timelike geodesic. We denote the hypersurface {t} × F of M as F t ; note that ∂/∂t is a normal vector of F t , denoted by n. We define a second fundamental form S : T F t → T F t by S(u) = ∇ u n, and the curvature operator R n : T F t → T F t by R n (u) = R(u, n)n. Then, we have the following Riccati equation:
We obtain the following lemma:
Lemma 3.1. For any p ∈ F and any u ∈ T p F with g 0 (u, u) = 1, let u(t) be the parallel vector field along the timelike geodesic γ p (t) in M such that u(0) = (0, u) ∈ T 0 R ⊕ T p F = T γp(0) R × F . Then, we have |g(S( u(t)), u(t))| √ k, for any t ∈ R.
Proof. The Riccati equation implies ∂ ∂t g(S( u(t)), u(t)) = −g(R n ( u(t)), u(t)) − g(S( u(t)), S( u(t))).
Using the Cauchy-Schwartz inequality, we have g(S( u(t)), S( u(t))) |g(S( u(t)), u(t))| 2 . From the curvature condition, it follows that g(R n ( u(t)), u(t)) −k. Setting f (t) = g(S( u(t)), u(t)), we obtain the following inequality:
for any t ∈ R.
Let us now suppose that there exists t 0 such that |f (t 0 )| = |g(S( u(t 0 )), u(t 0 ))| > √ k. Without loss of generality, we can assume that f (t 0 ) > √ k. Then, there exists a positive number t 1 such that f (t 0 ) = √ k coth( √ kt 1 ). By the Riccati argument, we have f (t 0 + t) √ k coth( √ k(t 1 + t)) for any t 0. However the right-hand side of the inequality goes to infinity as t approaches −t 1 . This is a contradiction, and the proof of Lemma 3.1 is complete. Theorem 1.2 follows from Proposition 2.1 and Lemma 3.1.
